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Abstract
We compute the boundary state corresponding to a fractional Dp-brane with
transverse motion and internal background fields: Kalb-Ramond and a U(1) gauge
field. The spacetime has the orbifold structure R1,5 × C2/Z2. The calculations are
in the superstring theory. Using this boundary state we shall obtain the interac-
tion amplitude between two parallel moving fractional Dp-branes. We shall extract
behavior of the interaction amplitude for large distances of the branes.
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1 Introduction
The D-branes are known as objects which have critical roles in the string theory [1].
They can be studied in various ways, for example, they may be known as hypersurfaces
that boundaries of the string worldsheets can sit on them. In addition, the boundary
states in the closed string channel elaborate all properties of the D-branes, such as their
dynamics [2], [3], [4], [5], [6], [7]. Precisely, the boundary state formalism can be used
to investigate the interactions between the D-branes. So far this adequate procedure for
some configurations of the D-branes, in the presence of the background fields, for the
bosonic and superstring theories has been extensively utilized [8], [9], [10], [11], [12], [13],
[14], [15]. Besides, the setups of the regular branes and systems of the fractional branes,
such as BPS or stable non-BPS, have attracted the attention of the researchers [16], [17],
[18], [19], [20], [21].
Previously we have studied a system of two fractional branes in the bosonic string the-
ory [22]. In this paper we extend the calculations for a generalized setup in the superstring
theory. Thus, we consider two parallel fractional Dp-branes with the Kalb-Ramond field
Bµν as the background field and two U(1) gauge potentials as the internal fields on the
worldvolumes of the branes. The branes have velocities which are perpendicular to their
volumes. We apply a 10-dimensional factorizable spacetime with the orbifold structure,
i.e. R1,5 × C2/Z2. The interaction amplitude of the branes and its long-range behavior
will be extracted. We shall see that our results considerably are novel and interesting. In
fact, due to the fermionic degrees of freedom in the above-mentioned generalized setup,
calculations are not straightforward, and drastically we need some novel techniques.
This paper is organized as follows. In Sec. 2, the boundary state of a closed super-
string, associated with a moving fractional Dp-brane with various background fields, will
be constructed. In Sec. 3, we shall calculate the interaction amplitude and the related
long-range force concerning two parallel branes in the twisted NS-NS and R-R sectors of
the superstring theory. Section 4 is devoted to the conclusions.
2 The boundary state
A fractional brane of our system is stuck at the fixed-points of the noncompact orbifold
C
2/Z2, where the complex coordinates of C
2 are constructed from {xa|a = 6, 7, 8, 9}, which
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the Z2-group acts on them. The fixed-points are located at the hyperplane x
a = 0.
In this section we extract the boundary state of a moving fractional Dp-brane with
background fields through the sigma-model action of closed string. Let us have a glance
on the bosonic part of the string sigma-model that we use
S = − 1
4πα′
∫
Σ
d2σ
(√−hhabGµν∂aXµ∂bXν + ǫabBµν∂aXµ∂bXν)
+
1
2πα′
∫
∂Σ
dσAα∂σX
α , (2.1)
where the set {xα|α = 0, 1, · · ·, p} shows the brane directions, Σ indicates the worldsheet
of a closed string and ∂Σ is its boundary. The variables hab and Gµν are the metrics
of the string worldsheet and the 10-dimensional spacetime, which will be considered flat
metrics, e.g. Gµν = ηµν = diag(−1, 1, · · ·, 1). For the U(1) gauge potential we consider
the gauge Aα = −12FαβXβ, where the field strength Fαβ is constant. In addition, for the
next purposes, we consider the constant Kalb-Ramond field Bµν .
2.1 The boundary state equations
2.1.1 The bosonic part
Variation of the action with respect to Xµ(σ, τ) gives the equations of motion and the
boundary state equations. Imposing a boost on the resulted boundary state equations,
along the non-orbifoldy perpendicular directions to the brane, we obtain the boundary
state equations of a moving fractional brane [22],
[γ∂τ (X
0 − viX i) + γF0 α¯∂σX α¯]τ=0|BX〉 = 0 ,
[∂τX
α¯ + γ2F α¯0∂σ(X0 − viX i) + F α¯ β¯∂σX β¯]τ=0|BX〉 = 0 ,
[γ(X i − viX0)− γyi]τ=0|BX〉 = 0 ,
[Xa − ya]τ=0|BX〉 = 0 , (2.2)
where γ =
√
1− vivi, the set {xα¯|α¯ = 1, · · ·, p} shows the spatial directions of the brane,
and {xi|i = p+1, . . . , 5} indicates the directions perpendicular to its worldvolume, except
the orbifoldy directions. The parameters {yi|i = p+1, . . . , 5}⋃{ya|a = 6, 7, 8, 9} represent
the initial location of the brane. Since the branes are stuck at the orbifold fixed-points
we have {ya = 0|a = 6, 7, 8, 9}. For simplifying the equations we assumed that the mixed
elements Bα i and B
α
a to be zero. The total field strength is defined by Fαβ = Fαβ−Bαβ .
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Note that the dimension of the orbifold crucially puts a bound on the dimension of
the brane. In order to have a velocity perpendicular to the brane, the maximum spatial
dimension of the brane is 4, i.e. p ≤ 4.
2.1.2 The fermionic part
To find the boundary state equations for the worldsheet fermions, we accurately perform
the worldsheet supersymmetry on the bosonic boundary equations (2.2). That is, we use
following replacements
∂+X
µ(σ, τ) → −iηψµ+(σ, τ) ,
∂−X
µ(σ, τ) → −ψµ−(σ, τ) , (2.3)
where η = ±1 is introduced for the GSO projection of the boundary state. To obtain the
replacement for Xµ in terms of the fermionic coordinates, Eq. (2.3) induces
Xµ(σ, τ)→
∑
t
1
2t
(
iψµt e
−2it(τ−σ) + ηψ˜µt e
−2it(τ+σ)
)
. (2.4)
It is well known that the spectrum of the string in the presence of the orbifoldy di-
rections is a linear combination of two sectors: the states which are invariant under the
orbifold projection, which are called the untwisted sector, and the states of the twisted sec-
tor which are living at the orbifold fixed-points [19]. Therefore, in general, the boundary
state of a fractional brane in an orbifold theory can be written as
|B〉 = NU (|B〉UNS + ǫ1|B〉UR)+N T (|B〉TNS + ǫ2|B〉TR) , (2.5)
where ‘U’ and ‘T’ indicate the untwisted and twisted sectors, NU and N T are normaliza-
tion constants, ǫ1 and ǫ2 are two R-R charges (ǫ = +1,−1 stands for brane and anti-brane,
respectively). Eq. (2.5) has been written in this form to save the generality, which admits
one to consider various configurations of the branes (brane-antibrane) in the both twisted
and untwisted sectors.
We are not going to perform calculations for the complete boundary state (2.5). This
is due to the fact that the untwisted states |B〉UNS,R represent the usual boundary states
with the standard GSO-projection which have been vastly studied for various setups [6],
[7], [8], [9], [10], [11], [12], [13], [14], [15]. Thus, we shall not repeat the calculations for
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this sector, instead we shall just concentrate on the twisted states |B〉TNS,R in the next
sections.
For the boundary state equations in the twisted part, we have to use the fermionic
mode expansions of the twisted sector, which are given by
ψµ+ =
∑
t
ψ˜µt e
−2it(τ+σ) , ψµ− =
∑
t
ψµt e
−2it(τ−σ) , (2.6)
where in the twisted R-R sector there are
ψλt and ψ˜
λ
t , t ∈ Z,
ψar and ψ˜
a
r , r ∈ Z+
1
2
,
where {λ|λ = 0, 1, 2, 3, 4, 5} stand for the non-orbifoldy directions and {a|a = 6, 7, 8, 9}
represent the orbifoldy directions. In the twisted NS-NS sector we have
ψλt and ψ˜
λ
t , t ∈ Z+
1
2
,
ψar and ψ˜
a
r , r ∈ Z.
By replacing Eqs. (2.3) and (2.4) into Eq. (2.2), and applying the above mode
expansions for the worldsheet fermions, we acquire[
[γ(δ0λ − viδiλ)− γF0 α¯δα¯λ ]ψλt −
−iη [γ(δ0λ − viδiλ) + γF0 α¯δα¯λ ]ψ˜λ−t
]
|Bψ, η〉T = 0 ,[ (
δα¯λ − γ2F α¯0(δ0λ − viδiλ)−F α¯ β¯δβ¯λ
)
ψλt −
−iη
(
δα¯λ + γ
2F α¯0(δ0λ − viδiλ) + F α¯ β¯δβ¯λ
)
ψ˜λ−t
]
|Bψ, η〉T = 0 ,[
(δiλ − viδ0λ)ψλt − iη(−δiλ + viδ0λ)ψ˜λ−t
]
|Bψ, η〉T = 0 ,[
ψar + iηψ˜
a
−r
]
|Bψ, η〉T = 0 . (2.7)
The boundary state equations of the usual (non-orbifoldy) directions, in the both twisted
R-R and NS-NS sectors (for the nonzero-mode numbers of the R-R sector) possess the
following feature
(
ψλt − iηSλ(t)λ′ ψ˜λ
′
−t
)
|Bψ, η〉osc,T = 0 , (2.8)
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where t ∈ Z − {0} (Z + 1/2) for the R-R (NS-NS) sector. The mode-dependent matrix
Sλ(t)λ′ is defined by S(t) =M
−1
(t) N(t) with
M0(t)λ = γ(δ
0
λ − viδiλ)− γF0 α¯δα¯λ ,
M α¯(t)λ = δ
α¯
λ − γ2F α¯0(δ0λ − viδiλ)− F α¯ β¯δβ¯λ ,
M i(t)λ = δ
i
λ − viδ0λ ,
N0(t)λ = γ(δ
0
λ − viδiλ) + γF0 α¯δα¯λ ,
N α¯(t)λ = δ
α¯
λ + γ
2F α¯0(δ0λ − viδiλ) + F α¯ β¯δβ¯λ ,
N i(t)λ = −δiλ + viδ0λ . (2.9)
The boundary state equations of the orbifoldy directions, in the both twisted NS-NS and
R-R sectors (for the nonzero-mode numbers of the NS-NS sector) find the following form
(
ψar + iηψ˜
a
−r
)
|Bψ, η〉osc,T = 0 , (2.10)
where r ∈ Z+ 1/2 (Z− {0}) for the R-R (NS-NS) sector.
There are zero-mode parts in the both twisted NS-NS and R-R sectors. For the twisted
NS-NS sector the zero-mode boundary state equation finds the feature
(
ψa0 + iηψ˜
a
0
)
|Bψ, η〉(0)TNS = 0 . (2.11)
Similarly, the zero-mode boundary state equation for the twisted R-R sector has the form
(
ψλ0 − iηSλλ′ψ˜λ
′
0
)
|Bψ, η〉(0)TR = 0 . (2.12)
2.2 The solutions of the boundary state equations
2.2.1 The bosonic part
We have calculated the bosonic part of the boundary state in the Ref. [22], hence we
adduse the final feature of it. Its oscillating part is
|BX〉osc =
∞∏
n=1
[detM(n)]
−1 exp
[
−
∞∑
m=1
(
1
m
αλ−mS(m)λλ′ α˜
λ′
−m
)]
× exp

− ∞∑
r=1/2
(
1
r
αa−rα˜
a
−r
) |0〉α|0〉α˜ , (2.13)
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where the matrix S(m) is the same as one that was exhibited in the fermionic part. The
zero-mode portion of the bosonic boundary state is
|BX〉(0) = Tp
2
∫ ∞
−∞
5∏
λ=0
dpλ
∏
i
[
δ
(
xˆi − vixˆ0 − yi) |pi〉]∏
α
|pα〉 . (2.14)
Note that since there is no motion along the orbifoldy directions, because the brane is
stuck at the orbifold fixed-points (xa = 0), Eq. (2.14) does not include bosonic zero modes
for these directions.
2.2.2 The NS-NS sector
Using the coherent state method, the oscillating part of the boundary state in the twisted
NS-NS sector possesses the form
|Bψ, η〉TNS =
∞∏
s=1/2
[detM(s)] exp

iη ∞∑
t=1/2
ψλ−t S(t)λλ′ ψ˜
λ′
−t


× exp
[
−iη
∞∑
r=1
ψa−r ψ˜
a
−r
]
|Bψ, η〉(0)TNS , (2.15)
where the zero-mode part of this sector comes from the orbifoldy directions, and according
to Eq. (2.11) it is independent of the background fields and velocity. Therefore, it has
the structure [19], [20],
|Bψ, η〉(0)TNS =
(
C¯
1 + iηΓ¯
1 + iη
)
LM
|L〉 ⊗ |M˜〉 , (2.16)
where Γ¯ = Γ6Γ7Γ8Γ9, C¯ is the charge conjugate matrix of SO(4), and |L〉 and |M˜〉 are
the spinors of SO(4).
2.2.3 The R-R sector
Applying the same procedure of the bosonic part and the NS-NS sector, we acquire the
following boundary state in the twisted R-R sector
|Bψ, η〉TR =
∞∏
n=1
[detM(n)] exp
[
iη
∞∑
t=1
ψλ−t S(t)λλ′ ψ˜
λ′
−t
]
× exp

−iη ∞∑
r=1/2
ψa−r ψ˜
a
−r

 |Bψ, η〉(0)TR , (2.17)
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in which |Bψ, η〉(0)TR is the solution of Eq. (2.12). Its trusty form is given by
|Bψ, η〉(0)TR =
(
C˜ Γ0 . . .Γp
1 + iηΓ˜
1 + iη
G
)
AB
|A〉 ⊗ |B˜〉 , (2.18)
where Γ˜ = Γ0Γ1 . . .Γ5, |A〉 and |B˜〉 are spinors of SO(1, 5), C˜ is the charge conjugate
matrix of SO(1, 5), and the matrix G is specified by the equation
ΓλG = Sλλ′GΓ
λ′ . (2.19)
The matrix G has the conventional solution
G =; exp
(
1
2
Φ¯λλ′Γ
λΓλ
′
)
; , (2.20)
where the symbol ; ; means that we have to expand the exponential with the convention
that all Γ-matrices anticommute. This implies that there are a finite number of terms in
the expansion. Also Φ¯ = (Φ− ΦT )/2, and the matrices Φ and S have the relation
S = (Λ− Φ)−1(Λ′ + Φ), (2.21)
in which
Λ0λ = γ(δ
0
λ − viδiλ) , Λ′0λ = γ(δ0λ − viδiλ) ,
Λα¯λ = δ
α¯
λ , Λ
′α¯
λ = δ
α¯
λ ,
Λiλ = δ
i
λ , Λ
′i
λ = −δiλ . (2.22)
Thus, the matrix elements of Φ are given by
Φ0λ = γF0 α¯δα¯λ ,
Φα¯λ = γ
2F α¯0(δ0λ − viδiλ) + F α¯ β¯ δβ¯λ ,
Φiλ = v
iδ0λ . (2.23)
Therefore, we find the following expressions for the matrix elements of Φ¯,
Φ¯0λ =
1
2
[
(1− γ)γF0 α¯δα¯λ − viδiλ
]
,
Φ¯α¯λ =
1
2
[
−(1− γ)γF α¯0δ0λ − γ2F α¯0viδiλ + 2F α¯ β¯ δβ¯λ
]
,
Φ¯iλ =
1
2
[
viδ0λ + γ
2viF0 α¯δα¯λ
]
. (2.24)
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As an example, the explicit form of the matrix Φ¯ for a fractional D2-brane that moves
along the x3-direction is
Φ¯ =
1
2


0 (1− γ)γF0 1 (1− γ)γF0 2 −v 0 0
(γ − 1)γF1 0 0 2F1 2 −vγ2F1 0 0 0
(γ − 1)γF2 0 2F2 1 0 −vγ2F2 0 0 0
v vγ2F1 0 vγ2F2 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


, (2.25)
where F α¯0 = F0 α¯ and F α¯ β¯ = −F β¯ α¯.
3 Interaction of the Dp-branes
The interaction between two D-branes can be described in two different but equivalent
ways, i.e. the open and closed string approaches. In the open string method the interaction
amplitude is elaborated by the one-loop diagram of an open string which is stretched
between two D-branes. In the closed string approach, the interaction of two D-branes is
precisely recasted by the tree-level exchange of a closed string that is emitted from one
brane and is absorbed by another brane. We apply the second approach.
Now we are ready to calculate the interaction amplitude between two parallel fractional
Dp-branes with the velocities vi1 and v
i
2 in the twisted sector. For achieving this, we
apply the interaction amplitude ATNS,R = TNS,R〈B1|D|B2〉TNS,R, where D is the closed string
propagator
D = 2α′
∫ ∞
0
dt e−tHclosed .
The closed string Hamiltonian Hclosed is sum of the Hamiltonians of the matter part and
ghost part. The matter part of the Hamiltonian, in each of the NS-NS and R-R sectors,
is sum of the Hamiltonians of the bosonic part and the fermionic part, i.e.,
HBos = α
′pλpλ + 2
∞∑
n=1
(αλ−nαnλ + α˜
λ
−nα˜nλ) + 2
∞∑
r=1/2
(αa−rαra + α˜
a
−rα˜ra)−
d− 4
6
,
HNS = 2
∞∑
t=1/2
(tψλ−tψtλ + tψ˜
λ
−tψ˜tλ) + 2
∞∑
r=1
(rψa−rψra + rψ˜
a
−rψ˜ra) +
d+ 2
12
,
HR = 2
∞∑
t=1
(tψλ−tψtλ + tψ˜
λ
−tψ˜tλ) + 2
∞∑
r=1/2
(rψa−rψra + rψ˜
a
−rψ˜ra) +
d− 4
6
. (3.1)
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|B〉TNS,R is the total projected boundary state associated with the fractional Dp-brane in
the twisted sector
|B, η〉TNS,R = |BX〉T ⊗ |Bgh〉 ⊗ |Bψ, η〉TNS,R ⊗ |Bsgh, η〉NS,R ,
where |Bgh〉 and |Bsgh, η〉NS,R are the ghost and superghost boundary states, respectively.
The orbifold projection, the brane velocity and the background fields do not change the
(super)ghost boundary state.
It is noticeable that a physical boundary state should be invariant under the GSO-
projection. Thus, it is a linear combination of two states corresponding to η = ±1. In the
twisted sector, invariance of the boundary state under the action of the orbifold projection,
in addition to the GSO-projection, changes the conventional form of the combination of
the states, i.e. in the both twisted NS-NS and R-R sectors there is a plus sign in the
combination of the states [23], [24],
|B〉TNS,R =
1
2
(|B,+〉TNS,R + |B,−〉TNS,R) . (3.2)
3.1 The interaction amplitude in the NS-NS sector
Using the total projected boundary states, the interaction amplitude in the twisted NS-NS
sector finds the following feature
ATNS−NS(η1, η2) =
2T 2pα
′V
(2π)(5−p)/2
∞∏
n=1
det
(
M(n−1/2)1M(n−1/2)2
)
det
(
M(n)1M(n)2
)
×
∫ ∞
0
dt(2α′t)−5/2 exp
[
− 1
4α′t
∑
i
(
yi1 − yi2
)2]
× δη1η2,1
∞∏
n=1
det
[
1 + ST(n−1/2)1S(n−1/2)2q
2n−1
]
(1 + q2n)
4
(1− q2n)2
det
[
1− ST(n)1S(n)2q2n
]
(1− q2n−1)4 (1 + q2n−1)2
,(3.3)
where q = e−2t, and V is the common volume of the branes. The damping exponential
factor depends on the distance of the branes. The last line is induced by the oscilla-
tors of the matter part, conformal ghosts and super conformal ghosts. Since the ghost
portion of the boundary state is not influenced by the velocities, background fields and
orbifoldization, the contribution of the ghosts has been introduced by manipulation of the
amplitude.
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As it was mentioned, the orbifoldy directions induce the zero-mode boundary state in
the twisted NS-NS sector. This brings in the factor ‘4’ in the last line of the amplitude for
δη1η2,1, while its contribution to δη1η2,−1 is zero. Vanishing of this part of the interaction
has significant effects on the amplitude of the distant branes, which will be discussed later.
3.2 The interaction amplitude in the R-R sector
Calculation of the interaction amplitude in the twisted R-R sector drastically needs more
attention. This is due to the difficulties of the computations concerning to the divergent
contribution of the zero-mode boundary state in this sector. Thus, we should use a
suitable regularization to evaluate it. Similar to the Ref. [25], we apply the regulator
x2(F0+G0) as follows
T(0)
R 〈B1, η1|B2, η2〉(0)R T ≡ limx→1
[
T(0)
R 〈B1ψ, η1|x2F0 |B2ψ, η2〉(0)R T
× T(0)R 〈B1sgh, η1|x2G0 |B2sgh, η2〉(0)R T
]
,
where (−1)F0 = iΓ˜ and G0 = −γ0β0. The calculations of the superghost part eventuate
to the same result of the untwisted sector
T(0)
R 〈B1sgh, η1|x2G0 |B2sgh, η2〉(0)R T =
1
1 + η1η2x2
. (3.4)
For the fermionic part we obtain
T(0)
R 〈B1ψ, η1|x2F0 |B2ψ, η2〉(0)R T = Tr
{[
C˜ Γ0 . . .Γp
1 + iη2Γ˜
1 + iη2
G2
]
C˜−1x2F0
×
[
(−1)pC˜ Γ0 . . .ΓpG11− iη1Γ˜
1 + iη1
]†
C˜−1
}
. (3.5)
Substituting the explicit forms of G1 and G2 from Eq. (2.20), after a rigorous calculation,
we receive the following regular factor for the interaction amplitude
T(0)
R 〈B1, η1|B2, η2〉(0)R T =
lim
x→1
{(
1
1 + η1η2x2
)
(−1)p
(
x+
1
x
)3
δη1η2,1
−
(
1
1 + η1η2x2
)
(−7)p+1Ψλ1λ2Ψλ3λ4 ǫλ1λ2λ3λ4
(
x− 1
x
)(
x+
1
x
)2
δη1η2,−1
}
,(3.6)
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where Ψλ1λ2 =
1
2
(Φ¯(2)λ1λ2 − Φ¯(1)λ1λ2) and ǫλ1λ2λ3λ4 is the Levi-Civita symbol. The factor
(−7)p+1 originates from the anticommutation relations between the Γ-matrices which
appeared in the product Γ0Γ1 . . .Γp and in the expansion of the exponential functions G1
and G2. In the absence of the background fields the matrices G1 and G2 become trivial,
and hence the conventional results of the literature will be accurately reproduced. For
acquiring Eq. (3.6) we have used the operators [21],
N1 ≡ Γ0Γ1 ; N2 ≡ −iΓ2Γ3 ; N3 ≡ −iΓ4Γ5 ,
which imply that the regulator of the fermionic zero modes satisfies the relations
x2F0 = x
∑
3
k=1
Nk ,
Tr[x2F0 ] =
3∏
k=1
Tr[xNk ] =
(
x+
1
x
)3
,
Tr[x2F0Γ0Γ1Γ2Γ3] = iTr[xN1N1] Tr[x
N2N2] Tr[x
N3 ] = i
(
x− 1
x
)2(
x+
1
x
)
. (3.7)
Finally, the interaction amplitude in the twisted R-R sector is
ATR−R(η1, η2) =
2T 2pα
′V
(2π)(5−p)/2
∫ ∞
0
dt(2α′t)−5/2 exp
(
− 1
4α′t
∑
i
(
yi1 − yi2
)2)
×

(−1)pδη1η2,1
∞∏
n=1
det
[
1 + ST(n)1S(n)2q
2n
]
(1 + q2n−1)
4
(1− q2n)2
det
[
1− ST(n)1S(n)2q2n
]
(1− q2n−1)4 (1 + q2n)2
− (−7)p+1Ψλ1λ2Ψλ3λ4 ǫλ1λ2λ3λ4 δη1η2,−1
}
. (3.8)
The total amplitude in the twisted sector is
ATtotal = AT(+,+) +AT(−,−) +AT(+,−) +AT(−,+) . (3.9)
where AT(η1, η2) = ATNS−NS(η1, η2) + ATR−R(η1, η2). Comparing the resulted amplitudes
(3.3) and (3.8) with the conventional forms of the interaction amplitudes reveals that the
presence of the orbifoldy directions induces significant effects on the interaction.
Note that the complete form of the theory contains both the utwisted and twisted
sectors. That is, the total interaction amplitude is sum of the amplitude of the twisted
sector, i.e. Eq. (3.9), and the amplitude in the untwisted sector. In fact, since for the
various setups the untwisted sector has been deeply studied we only investigated the
twisted sector of our setup.
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3.3 Interaction of the distant branes
For obtaining the long-range forces of the theory, the behavior of the interaction amplitude
for distant branes should be evaluated. Hence, we discuss the evolution of the interaction
amplitude under the limit t → ∞ for the oscillating part of the amplitudes in the both
twisted sectors. The limit is not applied on the first and second lines of Eqs. (3.3) and
(3.8), because these factors originate from the bosonic zero modes, and the oscillators do
not have any contribution to them. We shall see that the orbifold projection, accompanied
by the background fields, imposes some new effects on the long-range forces.
The interaction amplitude for the twisted NS-NS sector, after passing a long enough
time, is
A˜TNS−NS(η1, η2) =
2T 2pα
′V
(2π)(5−p)/2
∞∏
n=1
det
(
M(n−1/2)1M(n−1/2)2
)
det
(
M(n)1M(n)2
)
×
∫ ∞
0
dt(2α′t)−5/2 exp
(
− 1
4α′t
∑
i
(
yi1 − yi2
)2)
× δη1η2,1 lim
t→∞
[
1 +
(
Tr(ST(1/2)1S(1/2)2) + 2
)
e−2t
]
. (3.10)
This amplitude contains three terms. We observe that the sum of the second and third
terms, which is induced by the massless states (i.e. graviton, dilaton and Kalb-Ramond),
ghosts and superghosts, vanishes. This is due to the fact that the orbifold projection
deformed the zero-point energy of the closed string Hamiltonian, therefore, this peculiar
result was appeared. However, even under this condition, the first term, i.e. “1” in the
last line, remains. Note that in the untwisted sector the first term, i.e. “1” disappears,
and the second and third terms, without the damping factor e−2t, withstand.
The twisted R-R sector possesses the following contribution to the amplitude of the
distant branes
A˜TR−R(η1, η2) =
2T 2pα
′V
(2π)(5−p)/2
∫ ∞
0
dt(2α′t)−5/2 exp
(
− 1
4α′t
∑
i
(
yi1 − yi2
)2)
× [(−1)pδη1η2,1 − (−7)p+1Ψλ1λ2Ψλ3λ4 ǫλ1λ2λ3λ4 δη1η2,−1] , (3.11)
where the last line originates from the fermionic zero-mode part.
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The total amplitude in the twisted sector, due to the exchange of the massless states,
is
A˜Ttotal = A˜T(+,+) + A˜T(−,−) + A˜T(+,−) + A˜T(−,+) . (3.12)
where A˜T(η1, η2) = A˜TNS−NS(η1, η2) + A˜TR−R(η1, η2).
Again note that the complete form of the theory includes both the twisted and un-
twisted sectors. Therefore, the total amplitude of the long-range force is sum of the
amplitude of the twisted sector, i.e. Eq. (3.12), and that one of the untwisted sector.
4 Conclusions
As a first result, for a fractional moving Dp-brane with internal background fields which
lives in an orbifoldized spacetime R1,5×C2/Z2, we constructed a corresponding boundary
state. The background fields are Kalb-Ramond tensor and a U(1) gauge potential. The
orbifoldy directions divide the boundary state into two different parts: the twisted and
untwisted sectors [19]. Unlike the untwisted sector, the boundary state of the twisted
NS-NS sector includes a zero-mode portion. Our setup imposed a modified zero-mode
part for the twisted R-R sector.
As another result, the interaction amplitude of two parallel moving fractional Dp-
branes, or a system of one fractional brane and one fractional anti-brane with the back-
ground fields, for the both twisted NS-NS and R-R sectors, was acquired. The orbifoldy
directions introduced some significant effects on the interaction. For example, in the am-
plitude of the twisted NS-NS sector, the contribution of the GSO-projected sectors with
different spin structures vanishes. However, various parameters in the amplitude, i.e. the
parameters of the background fields, the velocities, the branes dimensions, accompanied
by the orbifoldy directions, elegantly give a generalized feature to this interaction. Thus,
the strength of the interaction accurately is adjustable.
Obtaining the interaction amplitude for distant branes is the other conclusion. We
observed that in the both twisted sectors contribution of the massless states, unlike the
conventional case, prominently vanishes. In addition, in the twisted NS-NS sector we
received an extra term. These are effects of the orbifoldization.
Added Notes:
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By setting all background fields and the velocities to zero our results reduce to the
simple setups of the D-branes, e.g. see the Refs. [21, 25, 26].
According to the paper [27] and the following references therein [5, 6, 7, 65], the
orbifold conformal field theory is obtained with a non-trivial background B-field. This
implies that the Cardy’s condition for our setup, i.e., that in the presence of the back-
ground fields and the velocities which have resemblance with the electric components of
the anti-symmetric B-field, is satisfied.
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